Motivation of using OLS

@ As it turns out, an extremely useful property of OLS is that, even if
the relationship between the x variables and the y variable is
nonlinear, OLS yields the best linear predictor (BLP) of y given x.

@ The sense of “best” is that the OLS prediction is the linear prediction
that minimizes the mean squared error.

e This is a significant (though often overlooked) advantage of OLS over
nonlinear estimation methods.
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Best linear predictor

@ Consider the following estimation problem: choose f so that it
minimizes some function of the forecast error, y — f(x).

@ If the criterion is to minimize the mean squared error,

E[(y - f(2))?],

then it turns out, the function f that minimizes the mean squared
error is simply the conditional expectation function (CEF), E[y|x].

(y — f(&)* = ((y — Elyl]) + (Elylz] — f(2)))*
= (y — Elyle])* + 2(y — Elyl)) (Elylz] — f(z)) + (Elylz] — f(2))”

Take expectations, it could easily be seen
MSE = E[(y - f(2))2] = E[(y — Elyl2))?] + B[(Ely|2] - f(2))?]
> E[(y - Elyl2])’]
e Note: E[y|z] could be highly nonlinear.

Bo Zhao (School of Finance, NKU) 3 /57



Best linear predictor

@ Therefore, the conditional expectation E[y|x] is the best predictor of
y (in the sense that it minimizes the mean squared error).

@ What is the best linear predictor of y based on x?
arg mBan [(y — :c',é)z]
@ The first order condition gives
Elz(y —2'8)] = 0,
so the solution for b is
8" = E[za'] 'E[zy]

@ (3* is defined as the least squares projection coefficients, while
a'(3* is defined as the least squares (or linear) projection of y on x.
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Best linear predictor

CEF and linear projection

1. Suppose the CEF is linear. Then the least squares projection is the
CEF.

e Proof: Suppose E[y|x] = 2’3 for some 3. Note that
E[z(y — E[y|z])] = 0, substitute E[y|x] = '3 to find that

B =B = E[z2/]'E[zy].
@ Therefore, if it happens that CEF is linear, then the linear projection

is the best predictor.
2. The best linear approximation to E[y|x] is ' 3*.

@ Proof: This is the same as saying that 3* minimizes

arg min E[(E[y|z] — 2'B)?].
]
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Best linear predictor

@ To see why, write

(y—2'8)’ = ((y - Elyla]) + (Elyle] - 2'B))"
= (y — Elylz])* + (E[ | ] —a'B)*
+2(y — Elylz])(E[y|z] — «'B)
o The first term does not involve 3, and the last term has expectation

zero. The CEF-approximation problem, therefore has the same
solution as the best-linear-predictor problem, arg minB E[(y — az’ﬁ)Q].

@ Therefore, in the prediction context, linear projection is the best linear
predictor while CEF is the best unrestricted predictor.

@ On the other hand, even if CEF is nonlinear, linear regression provides
the best linear approximation to it.
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