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Bl e BUE 5% Bl K (returns to schooling) 1Y Al 2
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“The devil is in the details.” = “The devil is in the error term.”

HHRZ RS L2 AT BN,

1.2 S5 EERR R 5 RE

22 ot Il VAR B AR ISR “ 2 M 8258 7 (controlled
experiment), AL GFEHE — AR “LIREHE” (experimental
data), M2 HRKER “WMEHE” (observational data).
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25T B TR R AR TR =FRSREL:

® Fi &L [ 245 (cross-seetionat-data, fHjFREHIETE): 21251
RIS & A | — S B EUE . e, 2012 4 E %441
GDP.

NI 4

> pO
[} [B] S Ui&?ﬁ(timezeries data): JEPNETFIMMR AR B AE A A
A EE . EET, R 1978—2012 4F 1L KA B4EM GDP.
X315
>0 AR idi (panel data): 2 MG MARIAZEAEA A mi L
B - thﬁn £ 1978—2012 - [H %-& F4FE 1 GDP.
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BT R OLS AT Stk
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3.1 HHESMERTIEAFRE

“I/N 3% (Ordinary Least Square, OLS)j&#.— 7 FE25 4 7]
B OB A o . SRR T (Classical Linear
Regression Model) P E T T o @ 7& DLS
T
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@ The linearity assumption is on the parameters, i.e. as long as we can
write the model in terms of linear combinations of the 3, we could use
this framework. Thus it is not quite so restrictive as it might seem.
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The Classical Linear Regression Assumptions 1. Linearity

@ For example, the model
y = AzPe (7)

meets the linearity assumption because taking the log of both sides
reveals

In(y) = o+ PIn(z) + € (8)

@ The most important implication of the linearity assumption is that the
marginal effects (the 3 parameters) are constant and do not depend
on the x variables.

Bo Zhao (School of Finance, NKU) 10 / 67
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The Classical Linear Regression Assumptions 1. Linearity

Linearity: examples

Let s-Iook at s.ome examples. | UC@}" '
Consider the simple consumption function Xi=1

¢ X -
CON; =B + BoY Dy +¢; 2~ YD (9)
A~ ‘a’ —
where CON is consumption and Y D is disposable income. The unit
of observation 7 can be an individual household, or it can be an

economywide aggregate for a certain year.

In this case, the error term represents other variables besides Y D that
influence consumption (for instance, financial assets or the “mood” of
the consumer).

The parameter (35 is the marginal propensity to consume out of
disposable income, and it should be between zero and one.

Bo Zhao (School of Finance, NKU) 11 / 67
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The Classical Linear Regression Assumptions 1. Linearity

Linearity: examples

@ When the equation has only one nonconstant regressor, we call it the
simple regression model.

@ It can be written in matrix form y = X3 + €, where

CON; !, 1 YD €1
y = CON2 7 $,2 _ 1 YD2 ,,6 _ |:61:| €= €9
T (10)

Bo Zhao (School of Finance, NKU) 12 / 67
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The Classical Linear Regression Assumptions 1. Linearity

Linearity: examples

@ As a second example, consider a simplified version of the wage
equation routinely estlmated in Iabor economics

2rg —> W e{
In(WAGE;) = 1 + oS +53 ENURE; + PR, +¢, (11)

where W AGE is the individual's wage rate, .S is education in years,
TENURE is years in the current job, and EX PR is experience in
the labor market.

@ This equation is said to be in semi-log form because only the
dependent variable is in logs.

@ This is derived from the following nonlinear relationship between the
level of the wage rate and the regressors: n

A
W AGE; = exp(/51)exp(f25:)exp(SsTENURE; )exp(S4EX PR; )exp(¢;)

Bo Zhao (School of Finance, NKU) 13 / 67
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The Classical Linear Regression Assumptions 1. Linearity

@ The coefficients have the interpretation of percentage changes.

@ For instance, if 51: 0.05, an additional year of schooling raises wages
by 5%. Tﬂy v

e This is becausmhen z_is close to 0, so
WAGEnew/WAGE _:g{ii ~1+ P
e Sometimes wh2 is large, it 1s preferred to report the exact change

in percentage, -1 - W%NM
Wage

Bo Zhao (School of Finance, NKU) 14 / 67
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The Classical Linear Regression Assumptions 1. Linearity

Linearity: examples

@ Certain other forms of nonlinearities can also be accommodated.

@ For instance, suppose that the marginal effect of education on wages
declines as the level of education gets higher.

@ This can be captured by including S? as an additional independent
variable in the wage equation.

@ Then the marginal effect of education on wages is

IIn(WAGE)
—_— = 2055 13
59 B2+ 2f5 (13)
o If 85 is negative, then the marginal effect of education declines as S

increases.

Bo Zhao (School of Finance, NKU) 15 / 67
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The Classical Linear Regression Assumptions 1. Linearity

Linearity: examples

@ Another common specification is the loglinear or constant elasticity

model: o
<% — 4.
In(y) = B1 + Baln(z2)
A~ e

-+ BrIn(rk) + e (14)

- “ *'rt
@ It is called the “consta asticity’ modeI because the elasticity of y
with respect to changes'in z is I
o

X
M _ % (15)

8In l‘k

which is constant and does not depend on xj.

Bo Zhao (School of Finance, NKU) 16 / 67
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The Classical Linear Regression Assumptions 1. Linearity

@ The point is that the linear framework is much more flexible than it
might first appear.

@ Flexible though this framework may be, there are still cases of genuine
nonlinearity that this model cannot accommodate.

@ For instance, in the wage equation, if the error term entered
additively, the model could not be linearized:

J

WAGE; = exp(ﬁl)exp(ﬁgsl)exp(ﬂgTENUREz)exp(@;EXPRz) + €

@ Another example:
(22)

Bo Zhao (School of Finance, NKU) 20 / 67
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RE 3.2 =S AN (strict exogeneity) X Pl
El%[x) = O .
E(&)=0 ) E(s | X)=E(g | %, x,)=0 (i=1-,n)
_(E(E(X))=0 e —
£le)= Y% S e
Bda x H Y. 1 i=3
E(E} ’ Xi, %, %, Xn ) =0

&, 5 T RS B R AR 5%, am}u ko BLAREMR

(5 S AT SOV )8R 1o

kit sl 28
w@mm@ ¢ A, KR 0.

HUEVATT A E O, WRE(E | X)=c#0, HATRHE ¢ HA
WHORER. Coy (£, Xjk) = E(6 XGr) ~ z:(a)E( ie)

£ E(ae) = B E(425e1%0) = t(xw(alm)
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Elzix]1=(#0, %l: Pot XPHE = BotC + Xp+ (£-C )

N
Eo e
S E(e)=0, EIIBNTINTLIELIEN 0.

WERR: MRYEEACHISEERE, E(s)=E,E(s | X)=E,(0)=0,

EX WRBEHAZE X Y HEEXY)=0, MK X Y IEX
(orthogonal).

Rl AR E SIS

WERA: 0=Cov(x,, &) =E(x;¢)—E(x;)E(g) =E(x &)

=0
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BE 3.3 ML “TPHE 2 EHILELME (strict multicolinearity),
RIECHE R B X3 28k, rank(X) =K, HHAH “rank” FxHFERIFE

Nn¥Xk ) W>{<'
WRAN RIS, WA “ATA]” (unidentified), B4 X H
ENREZ N EEANL R
J=xete

R4 OLS {1, b=(XX)"'XYyo b= wx (U}
WX IR, XX IR, SO G Ry, (XX R GE.
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fR%E 3.4 FKELHBNWi(spherical disturbance), RPPLZNII L “ [F]

JiE “EHEAE MR, (i, 4)=0, %)

LN
2_T& o
= Lg, ek 28a%
Var(g | X) = E(ee’| X) = 0’1 I :[ ' ]
|
I N n B s m b ge

Var(€i)= 0, L=1-,n.

b7 ZFERE Var(e | X) B EX Ao # % T 0%, Bliwie “ 21
[©] 75 72”7 (conditional homoskedasticity); <, WAFLE “KfF7T7
72" (conditional heteroskedasticity).

7 ZH M Var(e | X)AE X AL u = A N0, ANFEAMR D)
i [8Jc “HAFHR” (autocorrelation); <, NIAFEAEHFHR
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CLR. : WBACHBA (453739, Tvim, 340 )
OLS : AT CLR 2% ABE% (LR %3 5. £ F4B33 0 Butnrs
Orvdinovy Least S@xwfes. S
3.2 OLSHRMIES £ -5
Xt pHMEEREE L, iR &R ZE(RIFE 22, residual)

Caliory Ul P

KA BN, MR E N Ee = (¢ ez---en)'zy—X,Bo

/D ZAVE T AR AU 7k 72 F J7 Al(Sum. of Squared Residuals,
SSR)ZZleZZ E%/J\ E@ﬁ ) W/\_.__\

JURT E, —JaEDEE0Z SR DG B REE

oG R A TR A A A B[R] T

ZoolElH, WS35 A B [E] V38 - T (superplane)


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


E%/J\@CI‘@F@: e; N (

m}n SSR(,&)zZ:;ei2 =é'e CFJ7 S Bl 2 N AR)
T X -XB) GRERRIFER)
=(y'-BX)y-Xp) (R PR 5% B 1 )

y—y IXy+BXXB  CRIEIT)
(A IIFIZEI0)

—
(¥YXp) = ,E’X’))(XUL%%E@?: NI 1VEE, M, A& R2yX 8.

H F5 B 3SSR(B) 72 B I — IR R (— IR A).
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0B AB)| (0BAB) aFAB)  aBAB))
op op, op, 0«

AT 0 = IR R R J} AR =gla+ B8Ot BB Ak
12 -(_.@@’GZIT{%C{?l‘—\" N

...aK)’:a
K¢ |



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


(EIENEN=Ki & W IR S S5 2N L AT adlile- S E T

o55R) _ DXy +2XXB=0

B e T

/N T Iefh T E bR AL

WERTREAL, /K A TTRE, KA ARFNED

(XX)KXK bel =

'
Kxny X

Xy—(XX)b=0 (F2 1)

——

X'(y—Xb)=0 (Ir) e SR B[R] AR R R 7 X
Kk, Xe=0, HAkZEREe=y-Xb, K

>R

v

=1, K ,
E(*kgi)=0
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E(XY)=0D CLR &> 0/ ¢

___/7_"\/\/\/
. N ‘/\/ s R l'ﬂR-’ e = <
BRE e SMBTRX IR, & OLS 1 KEHL. 13 e
E(Xkg,)

SRIFETT13 OLS fliil & 0 /tj,w

(X'X)" Xy@‘%S B9t cp 3¢

7t
0LS 8% Norual Erw ot P‘?

TP S A SR R FRAE B (Hessian)

SSSR 0*SSR 0°SSR
) LS| | FA e
- -2 = =2X'X NIEEHE
opop op ) ) g
\\ 0°’SSR 9SSR
0P 0B, 0° By
v’
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KN XL, XX IERE o

WA 1) “HVE1E” (fitted values)EL, “ FIIME " (predicted

values): 46 é

y=G ¥, 3,) =Xb
AR AR B y R N BRI 5, Bly=9+e, My Se
2, BN
Pe=(Xb)e=bX'e=b'-0=0

T IBhIUT % o? = Var(e,) Bk Tt

2 1 n 2
S E e
n— K “=i=l
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Hol, (- E BB ot A BR LK) T AN BRLL 22

Bﬁ*ﬂ@?%{epez,---,en}dZ‘ﬁﬁﬁﬁEK/l\Eﬂlﬁ$§X'e:0, A A H
F(n-K) e e fHEMN. CHEHD .

i KIE)E, AWttt E(s*)=0".

n—K

n

MBRHARTE n B RK(n— o), N
RIE” FREa 2/ ZEH .

-1, el “/IEEAR

Brs=~s2 S 8] U9 77 B 00 o e 3 227 (standard error of the
regression), TAIFR “[FIH T FEFIARAETR 7

MEG T ERAREZE N ZG =R “PrfEiR” (standard error).

16



3.3 OLS KyJLERE

y & y [ X B (projection), K Ne 5 X 1EAT .

%
y=Xb

y_

& 3.2 H/NIRERIIEAS M
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N

HFp=Xb=X(XX)"'Xy=Py, WiP=XXX)"'X'FN “F&5
>

FEF%E” (projection matrix).

M PAFAEATIAE, #MASIZREARETHX ERRE.

HYe=y-yp=y-Py=(,-P)y=My, M =1I,-PFA“HX
FiP%” (annihilator matrix).

FIH KB RE M AR F) &, AT 2z ) s T X 5052 )5
A2 7] =
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HFEP S MEPIHR (SIS @)

HPX=X; (ACHHHEZAD)

(i) Pe = 0; FEET XM Ee B T X MBI A— H)
(i)MX =0; (ACXTHCOHKE, HIEKENO0)

(iv) P 5 M AR ST PRI

VP =P; (BRI ET — IR

V)M* =M. (B KIRRET — IR K)
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IR 725 e ) PR
e=My=M(XB+e)=MXP+Mec=Me¢

R 221 T7 R 5 R e 1) R AL
SSR =e'e=(Me) Me=&'M Mg =&'M*c =¢'Me
34 Wl 5L E
R E TR HAOT, WY (5, - 7) AT AR

PR R SN G D R SN
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S, =3y A

WAL B y, (1180 277 FUAT 40 N4, BT W] ph 57 e 6 1
S Gi-7)7. SEHEEEMRRIRERS Y o,

ST AR BE RO TE 1 T OLS B TEAZ P (2 L 21 ).

EX “HUBME"” (zoodness of fit)R* N

. s 2 =) - N <

Zz 1(yl ) Zl 1(yz )’
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LS E RPWER “AJ R RE” (coefficient of determination).

AT DLW (2 ST R), 1A B ORI R, 4002 O 25 T R
BBy, S A 5, 2 ARG BT /7, BIR =[Corr(y,, 7T

R, SRR B

BT IR IR B, R RS AN, KDy /D AT R A
A& 1) RN 0 1 IREF R AN

IR B, R AR B 2 (R AN T i) BEAT 1R

22



EX WEWMEMME (adjustedR’) R*HN

> =K
S (-7 [(n-1)

R =1-

B RPATRE AN
TR IERR?, RANMWIUETEEL S, BRI REZE X
PSR R G RE, MEM FIRK(RS F gt EGKR).
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40 SR (e VAR R T B, U A g g s SN AL . AT R RS
Zi:1 y,-2 TR :

— n A2
LY =yy=(b+e)(Jre)=Fy+2)eree=3 i)

0

E X “JEHC R (Uncentered R®):

Raddo e

yy yy

WU RO, T Stata AR R .
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3.5 OLS f/MNEAMER

(1) ZtEME: OLS fhit&Ed = (XX) ' Xy Ny EH &

(2) Tiwtt: Ed|X)=p8, BIbASRGH S GBS B .

WERR: A 1R 2 (sampling error) /Y
b—B=(XX)"'Xy-B=(XX)"'X'(XB+&)-L=(XX)"'Xeg=A¢

B, idA=(XX)"'X". FTLA
E(b—pB|X)=E(4¢e| X)= AE(eIX) 0 (“FEAMAME)

BIA15, EB|X)=8- T%ﬁ%$ PG AN AN BT Bl R

25



i LR HHEEDL) =L
WEBA: E(B)=E E(b|X)=Ey(B) =8 (FEHIHEVINEE).

(3) it EbHITZE N Var(b| X) =0 (XX) s

WFBR: Var(b| X) = Var(b- 8| X) (B2 HE)
= Var(Ae| X)= AVar(g| X)A' = Ac’T A’
=0’AA' = (XX)"' XX(XX) ' =c*(XX)"

ER AP TR RE 2 UE A IS BE

WAFAE AR I, WJTZERIEXAE, NALH “FafEbrfEiz”
(robust standard error), Z W5 5 FE.

26



(4) “HEH-S/RAREH” (Gauss-Markov Theorem): /) 3¢
VA2 B 2R VE o WAl 11 (Best Linear Unbiased Estimator, [&]ic,
BLUE), RPUfERTA LMLt A, s/ AR T Zm /Do

WEBA: OLS fliit&Eb NN W A1t

% B T — &M w1, FFiFR Var(B | X) = Var(b| X), B
Var(8| X)— Var(b| X) ¥ 1E E 5.

Var(8| X) - Var(b| X) ¥ 1E5E, M Var(b | X) K EXT MLkt R B
Z)— B /NFEEE T Var(B | X) B =X 2 E 5 N IE &R (S 0 ).

T BT, AR BOEREC,,, . 1R B=Cy.
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CHb=Ay, HFA4=(XX)"'X'. EXD=C-4, NI
B=Cy=(D+A)y=DXP+&)+b=DXB+De+b

FIFH BT AR P T 45,

B=E(B|X)=E(DXB+Dc+b|X)=DXB+DE(e| X)+E(b|X)=DXB+p
-0 :VIB

STAEE B, #HAEDXB=0, HIDX=0. BIIFEERFEIAH
B =DXB+De+b=De+b

BOmREREYN
B-B=Dec+b-fB=Dec+Ac=(D+ A)e
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Var(f| X) = Var(B - f| X) = Var[(D+ A)g| X]= (D + A) Var(e | X)(D + A)
=o' (D+A)(D'+A)=0’(DD'+ AD'+ DA’ + AA')

=0 =0

=0’ | DD'+(XX)"'| (DA'=DX(XX)"'=0)

Var(B| X)-Var(b| X)= 0’| DD'+(XX)" |- 0> (XX)"' = o’ DD’
T DD AN IE B A, Wom - R ] 9% 8 B AT
MR EER S DB, W/ —REARZ BLUE, A7

EHANE LT AT, 2058 7 =.
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()7 EZWI Attt E(s* | X) =07
WEBR: KN

!

ee

n—K n—K

E(s’ X):E(

Xj _ E(eMe

Xj: 1 E(eMeg | X)

MR ELFHHE(EMe | X)=(n—K)o?, BIH],

EX AR TTFFE AR (trace) Hi2 H EX AL TR M, I8N
trace(A) o

A B R

trace(A + B) = trace(A) + trace(B)
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trace(kA) = k trace(A), k NEEL
trace( AB) = trace(BA) R B AB 5 BA#AFAE

MR AN VEFECE D, N trace(A4) = A -

E(e¢Me| X)=E[trace(eMe| X)] (e€Meg N1x1)
= E[trace(Mee' | X) (&5 Me#IRFF)

= trace| E(M €' | X) GHEH 57 #IK)T)

= trace[MaZIn] (BRALPLBH )
= o trace(M) (L iE 2t 14
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trace(M) = trace[ln —X(X'X)_IX'} (JH KA FEM 115E )

= trace(l ) — trace[X (XX)'X '] (s H L)

:n—trace[(XﬁX)_lXiX] (X 5XX)"' X' H.#)
=n—trace(l ) (XX NK x K FR%)
=n-K (K Br 507 B R ZE N K)

X7 Z B Var(b | X) B4l N s* (XX)™", £ Stata Hid N

“VCE” (Variance-Covariance Matrix Estimated).
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3.6 XHNRIW th

BE 35 HEHEXHELT, XM AmNIES, Bl
& X ~N(@,0°1,).

Z JEX A 2Bt TR S, “ IR (null hypothesis, ZEAR 1K)
j'\jHO :IBk = ﬂk ’ ;H\:Epﬂky‘jgé\%ﬁﬁo

B, =0, KM Ry, 1 REURE BE RS T 0,
B R S MR 2 S RO RAIE RS, R S B R, AR

JRE AR BOLIETIE T, i FECAKATRER AR “/MIER
A7 A AR REAS R B

]
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W /INE R F A TEAE — ORAAE A I 2], D)3 B R AR AN m]
5, MazfEge R ik, 252 BRI (alternative hypothesis,
ERBE H, B # P, -

MR FNZH B, B THE L, & B0, N AT+ 48 48 )7 8 1%
XRITIRFRNY “IR/RTER S ” (Wald test).

Ef AT, XS PR S ARKAAR AL, R DA 22 5
HER 5 RS A X PR 5

H T elX ~ N(0,6°1), Tib— B = A Ne FILLHERE, Wb -p)| X
AR M IE S 53 AF o

# — &, EG-B/X)=0 , Var(h|X)=c'(XX)"' , &
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(b-B)| X ~N(0,0*(XX)").

FERB W “Hy:p =B ROLHER T, L% & Ny
(b =B X ~ N(0,0°(XX) )» Fo (XX N AEFR (XX (k, )
TR, Mo’ (XX) Nb T

AM%faﬂ,W%ﬁﬁng%&iy~N&Do
o ek

HHE o> RA, BN “PRESE” (nuisance parameter): HIAX] o
NG, (Ho® A IAERIEAH .

B “RINF T & (test statistic) A £ N5 BEIE R TR
FEARZE TS MR AT 2R,
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UMl s* KR ERo?, IS Gt

TE( GHBOOE) LEE 3135 BHL, AEER
“Hy:p.=B.” BRSO, Gt

bk _Bk — bk _Bk - _ K
SE(h,)  /s*(XX);, =5

[, =

Hh, SEb)reb 1) “fHitriEiRZ" (estimated standard error),
IRk bR

SERR: St B BT
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b

bk _Bk _ bk _,Ek . 0'2

— . Zk . Zk Zk
JPxx), o, Vs [e/e? de  Ja/n-K)
(n—K)o’
/\l:lj’ ZkE bk_ﬂk ’ qufo
Jorxxy, o

Bz, ~ N(©,1), FHKIE,
(1) q|X ~2*(n—K);

(2) z|X 5q|X BT,

NUAR S ¢ 70 AT HTRE 3 e

Ja/(n-K)

37
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e eMeg & . & ..
1) g=—F=—7F=—M— (I,
o o o O

T ] X ~ N©0.0°1,), B | X ~ N(0, 1) BN KRS M O3

SRR (idempotent matrix, BIM* =M).

R & AR m R, X T "SRR M,
rank(M) =trace(M)=n—-K .

RABEFLSRITFIR, q| X~ (n-K)o HTMAHR, q|X 1
HHEEN0N-K).
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Q) 2= BBy, g e, OB b S e
\/Gz(XX)kk
7 BT

HTb=4+Ac5e=Me#H 2 LB Te FIZLTEREL (b, e)
WG AR IR, #MURZEUEH Cov(b, e) =0 R T] .

Cov(b, e| X)=Cov(B + Ae, M| X) (oD HeFRiE)
=Cov(4de, Mg | X) (L E )
= E(AsgM)-E(4e)E(Me) (W75 ZHEFF A )

-0 =0

= AE(g6")M = 6> AM = > (X'X)' XM = > (X'’X)" (MX) =0
=0

(OLS FIIEAZ )
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t I B IR

sbe W, MR RK, WH BRI, R, N,
B0 [ AR SRR AR N A MBS S0 ), SRR T ).

50 1ME B E MK (significance level) Aa B “ i FH1H”
(critical value)z, , (n— K)

P{t(n—K)>1,,(n=K)} =P{t(n—K) <~t,,(n—K)| = /2

Horb, 1K) t(n— K) 53 Aii o t(n—K) KT 1,,(n—K), B
NF— ~t,n(n— KYPIM R a2, BFa=5%, Wa/2=25%. H
o =1%8% 10%.
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F= W N “IE4838”7 (rejection region), NIFEZEH 5 ¢,
/%]\ “ﬁ% 1" (acceptance region), NI#E52H, .

AR AR ¢ 4P AR PRI, FRON “XUAKE” (two-tailed).
W& pfE

EX e g vt s RIFEAMMME, FRIFEB R A] 87 48 28 1)
NE 2B K O e i R 36 1A @ Y p {E (probability value, B

p-value).
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04r
0.351

0.25
0.2
0.151
0.1r
0.05F

GEECR

-5

-4

~ton(n—k)

-2

-1

3.3
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1E R, p AP(es|n)x 2, Forf, MERGE TR RE A
M.

p BN DU e AT ] 4 288 SRR

[51) p {E = 0.03, WFALE 5% EZ MK LA F/RIE. m
H, “p{H=0.03" 1&7J7E 3% & & MK P 348 5%

5 H p (ERHAT s 56— B s FHE A E R &
=1 Stata EixZ5 H p (HIN, wiA TR ERMIERFE T .
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N Vo a ol === |

TEEEXIE

& “EAIS5E” (confidence level) N(1-a) (LW a=5%, N
l—a=95%), 2 “EIF5X[H” (confidence interval), 1 1F1%IX
A7 W L SES B IR N (- a) .

bk_ﬂkN .
EE%SE(bk) t(n—K),

_ bk _:Bk —1_ Hez \
P{ ta/Z < SE(bk) <ta/2} -« (ta/2 E]/J/—\EX)

Pl — 1, SE() < B, <by +1,,SE(B)) =1-a  (FEREI)

BB A XA b, —t,, SE(B,), by +1,,SE(B,) |-
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BAGXEERENLIX R, FEEFEAAS F AN

MEBEEE N 95%, FFE 100 %, 52 100 MEEXE, KZ
95 MBS X AR 7B f5 B H LS B, -

B 1 RIFIRSH Il KiFix

ENX “ZB | IR (Type | error)fa g, BARFRRITNE,
(HEAR P W e Al 1 R e I Bk AR R R B, B “3FE7. ZR
[ REHRH K AEMZE NP (reject Hy|H,) o

EX “BBIEEEIR"(Type I error)fa )2, BIRFE B NERCEE
AN E), (HFRYE IR S 1 352 R AR 5 1 4 41
B “AiDy 7 28 T RER A K M A P (accept Hy|H, ) -
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PRAFE AR &, WA 1 REIRIRAEME, BIRFECE
I 2RER R AR AEMERIG N, S TRPR.

AT SR, —MRefe @ v R AR T 286 B &k
K, B “BEMIKE”, thun 5%; mATRESE I *%m%ﬂﬁ?yi%ifﬁﬂi
2 (H %Eﬂﬁﬁfﬁ)o

X 1 JEH SRR AR GRS “3)
7 B “H7 (power), B “1- P(acceptH0|H1)” W=, hRCN
ROV ERIITE LT, T4 R AR I

BEATALIG IS, 0 FIE S [ RERIEMER, ArnEss 112
FEIR IR AN
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fada i i, LR EAUH:, BRI FE IR E R CRE K.
ez i, LERORAETR, EE AR ER (ATBERED.

3.7 XERMRIKH FAL:

REOG RIE R R, RIS R R “Hy: By=-=L,=0"
(BN ELIN) .

SE R, RS m R PR B 1 [ B AL

FesE
Hy: R B =

mKKl

>§<{\A

1



He, r N m dFAE, RNmxKHEME, rank(R)=m, BRI
Tk, A ZREEMET ER T,

5 XAy = Lx,+ Box, + Bixs + fix, + €5 v A H,:pB,=pH
ﬁ4 — O ?’o

01 -1 0 0
R = ’ — ’ \‘
(0 0 0 1] ' [o] P
B

01 -1 0\ 5| (-5 (0
000 1)p] L B )\

P
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Wald fo 36 52 bJE BIIMG T E, R H ST, W (Rb—r) N EL
BRI 0.

EBWF ZHENSH) EfE 3.1-35 B, HERE
“H,: RB=r" WRSLHIBN T, W FGiit&

(Rb—r) [RXX)' R (Rb—r) /m

2
S

F

~F(m,n—K)
WERR: KT s* =ee/(n-K), ¥ FER

(Rb—r) [*RXX)'R'] (Rb—r) /m  wim

F =
(ee/c?)/(n-K) q/(n—K)
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HH, w=Rb-r) [ RXX)'R'] (Rb—r).
I TR UIE A -

(1) w|X ~ 2% (m);

2) q|X ~ 2 (n—-K); (O ¢ kg F k)

(3) w|X 5q|X M EHHST,

WHAE F A5 S, —" - Fnn—K).
q/(n—K)
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(1) ®Xv=Rb-r. TEH BHIEHLT,
v=Rb—r=Rb-RB=R(b-p)
HT b AIEDS, Mo X Am4EIES, HE@|X)=0, HEAN
Var(v| X)=Var[R(b- B)| X]|=RVar(b)R' = c’R(XX)"' R’
RIE G R1R,
w=(Rb—r)[0*R(XX)" R (Rb—r)=0'[Var(v| X)| v~ z*(m)

T RIFETRE SH[R(XX) ! RTAELE
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GYwrEbMIREL, gReMRE, BT b5 e HEML, HMw|X 5
q| X AHE AT

F i in a2 IR
FH—w WHF s R FRITFERA, WHBAE.

0 ITREEMAKC N a KB E, (m, n-K),
P{F(m,n—K)>F,(m,n—-K)} =a

Hrp, F(m,n—K)RM F(m, n—K)534i .

B MR F B ANALIESS, WiE4H; FSitE
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BN, WERH,. AN, N R IR
0.16
0.14

0.12 1
0.1

0.08 |
0.06 [

0.04

002 i

O 1 1 1 1 + 1 1 |
0o 2 4 6 8 E(mn—K)F 14 16 18 20

o
K
5

3.4 F i
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3.8 FZrrEr R REER IR

AR F MR/ i, B “Lmbg /D Zafik”
(Restricted OLS, Constrained OLS), RJ13 F g1t = 1Y A8 R iA 1.

& LA N 29 R MR AR 1) 7L

mﬁin SSR(B)

s.1. R,é =r

ME “Hy:RB=r” 1IEWH, WIHN_E 20 51 AS RN AS AR 22~ 5 f
SSR(B) B/ IMEIE KIRZ .
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SRIFICLIHRAAR )&, AT UER .

B (e"e" —e'e) / m
~ ee/(n—K)

XAET L “RIRE” 5 RRHRIE” THEAT B
HRRA AR EERE S (Likelihood ratio test).

Rl X TERAERIETTE “y, = B+ foxy +oo o+ Pexye + &7 Kl
iR “Hy: B, ==L, =07 BIZTTREREZEEN F Gt m5%%
R* /(K -1)
(1-R)/(n-K)
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WERR: HIT 3T (K -D2R, RIECRELREELR) F gt

(ene —ee) /(K—l)
F = (e*'e* —e'e)/(K—l) B ZiZI(yi _)7)2

ce/(n-K) e /<n_1<>
Zizl(yi_)_/)2
Hrh, e ALLIRBZRZE, e NEARKZE . WL EHRE L
BN R?, e g, ¢ g

Zl (=) S (-

[A=RH-(-R) |[(K-D) (R —R)/(K 1)
(1-R*)/(n-K) (1-R*)/(n-K)
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HFEIEB R? = 0RP AT,

2 “Ho:ﬂzz"':ﬂK:O” JRALI, Vi =B +é& ﬁﬁb;:)_’(/t\lxﬁ%é
B BATIEIA), WD =b =7,

T TS (5 -7 =0, MR =0.

3.9 SHEIEASREIE (i)
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The Algebra of Least Squares Partitioned regression

Partitioned regression

@ We are going to discuss partitioned regression now.

@ Partitioned regression is useful when we have many «x variables in our
model but are only interested in the coefficients for some of them.

o It also permits us to simplify theoretical results in some cases (for

instance, if we want a formula for only the constant term in a
regression, and not the whole parameter vector).
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The Algebra of Least Squares Partitioned regression

o First partition the data matrix in the following way:
X = [leXg] ) (81)

where X is the original n x K data matrix, and X; and X5 are
n X K7 and n x K9 data matrices, respectively.

o Correspondingly, 3 is partitioned as

o ®

@ We are interested in the parameters of 3.

@ The regression model can be written as

y=X18;+ X208y +€ (83)
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The Algebra of Least Squares Partitioned regression

@ Define
P =X (X X)X} (84)
Ml = In - P1 (85)
Xg = M1X2 (86)

(the kth column of X5 represents the vector of residuals when the
kth column of X is regressed on X )

y=My (87)

(the residuals from a regression of y on X)

Bo Zhao (School of Finance, NKU) 55 / 67



The Algebra of Least Squares Partitioned regression

@ The normal equations:

X'Xb=X"y (88)
X _ bl [X)
£ < PR
XI1X1 X,1X2 b1 _ '1y (90)
X5X1 X3Xs)| b Xy

e Equation (90) can be written as

X,X b + X)X by = Xhy (92)

@ Our goal is to solve for bs.
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The Algebra of Least Squares Partitioned regression

e Premultiply equation (91) by X1(X}X1)~! and solve for X1b;, we

have
X1by = —P1X2by + Py

@ Substitute this expression into (92):
Xlz(—PlXQbQ + Pl’y) -+ X/2X2b2 = X/2y
XI2X2b2 — X/2P1X2b2 = X'2y — X’2P1y
X/2(In — Pl)XQbQ = XIQ(In — Pl)y
X5(M1)X by = X5(M1)y
X5(M{M1)X by = X45(MM1)y

(since My is symmetric and idempotent)

= 5 ~/! _

Bo Zhao (School of Finance, NKU)

(93)

(94)
(95)
(96)
(97)
(98)

(99)
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The Algebra of Least Squares Partitioned regression

@ Therefore, . -,
by = (X, X2) ' X,3 (100)

=/ s . . .
e X,Xo= X,L,M'M;X, is invertible by the full rank assumption.

o Essentially, if X5 (and, by extension, M; X5, which is the component
of X5 orthogonal to X1) does not have full column rank, X cannot
have full column rank either.

@ This solution for by is an important result known as the
Frisch-Waugh Theorem.
@ It states that you can obtain the coefficients of by in this way:

© Regress y on the variables in X1, and obtain the residuals.

© Regress each of the variables in X5 on all of the variables in X, and
obtain the residuals.

© Regress the residuals in (1) on the residuals in (2).
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The Algebra of Least Squares Partitioned regression

o Conceptually, this process of regressing y and the variables in X5 on
X1, then taking the residuals is known as partialling out or netting
out the effect of X.

@ For this reason, the coefficients in a multiple regression are sometimes
called partial regression coefficients.

@ As a corollary, when X5 and X are orthogonal (so that
M X5 = X5), no partialling out is necessary — you can just regress
y on X o directly and the variables in X1 will not make any difference
at all.
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310 FH W

A B T E AR Y 3R 4T i (prediction, forecasting), B 25 %€ fie e
] 1 x, (R R BB, Tl i i e A8 &y T AL

(BT B AR T B A LI AR 8 s A (B4 A HE R Rk BINE),
Yo =X, B+&

F 5, = x;b 5 y ME ST, b4 B 1T OLS il = .

“TIRZ" (prediction error)(P, — y,) I 5N

YVo—Yo=Xb—xy B—¢,=x,(b—-B)—¢,
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BT b2 gL, WMEG, - v,)=x,E(b-B)-E(s,)=0-

“TeAm TN~ (unbiased predictor): F P, KT y, AN e R G =
AR A

T 5, 877 209
Var($,) = Var(x)b) = x| Var(b)x, = o x,(XX) ' x,

T 22 I T HRE 1R 22 (b — B) BTy SR I TN & 9, B3 3. U
RFNE L, NVar(p,)= Var(x) B)=0.
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ﬁj{m”ﬁ%%(ﬁo — Vo) 17 22N

Var(y, —y,) = Var[x,(b— B)— &,]
= Var(g,) + Var[x,(b - )]

=0’ +0°x)(XX) ' x,

Ho, BkgBoAMRMUGTEDEH B ¢ ER),
Cov[xy(b— ), &,|=0o

TR Z ) 5 221 A KIE, RIFIRR R 72 o2 ) (XX) ™ x (PN BEAS
RIESH L), UKy AT BT EN (6,17 7 07)o
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BRI TUN IERS, W P, — v, ~ N(O, o’ + sz(’)(X’X)_le) o

Hs*flithto®, 1528 Gt &

Yo = Yo
~t(n—K
S\/1+x(')(X'X)_1xO ( )

v MEBEREEA1-a)NEE XN

(j/o —ta/zs\/l+ x(’)(XﬁX)_le, Yo +ta/2s\/1+ x(')(XiX)_le )
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