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(1) xp Xy, IMmBN AT ( 32 =0)
(2) xp M, AR R SRRhA, S LIRS
o flF: ZFEEEER (prate) SHWIEZER (mrate)

—
prate = 80.12 + 5.52 mrate + .243 age

E;c;é — 83.08 + 5.86 mrate

HA, mrate5ageRItHXME{NA0.12

21



S iEE /D IRIERI B EFN R

o ZytlEl)a “HifpHE ML ES M HERE (Frisch-Waugh theorem) :
o AL TEANMGITABBEAMTRL:

(1) A—MERTE T H bR S M3

(2) BHmERTEx (1) PEREMEYT

B+, ZaBERT: (1) xyXx,MEREVAFEGRE 71

(2)  y; %t 7y EEEVIFRB,
AftA?
F—SBNKRET PEESx T 5x, THXHNER

BTN REP, KR, Xy, 89 "B R
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The Algebra of Least Squares Partitioned regression

o First partition the data matrix in the following way:
X = [leXg] ) (81)

where X is the original n x K data matrix, and X; and X5 are
n X K7 and n x K9 data matrices, respectively.

o Correspondingly, 3 is partitioned as

o ®

@ We are interested in the parameters of 3.

@ The regression model can be written as

y=X18;+ X208y +€ (83)
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The Algebra of Least Squares Partitioned regression

@ Define
P =X (X X)X} (84)
Ml = In - P1 (85)
Xg = M1X2 (86)

(the kth column of X5 represents the vector of residuals when the
kth column of X is regressed on X )

y=My (87)

(the residuals from a regression of y on X)
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The Algebra of Least Squares Partitioned regression

@ The normal equations:

X'Xb=X"y (88)
X _ bl [X)
£ < PR
XI1X1 X,1X2 b1 _ '1y (90)
X5X1 X3Xs)| b Xy

e Equation (90) can be written as

X,X b + X)X by = Xhy (92)

@ Our goal is to solve for bs.
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The Algebra of Least Squares Partitioned regression

e Premultiply equation (91) by X1(X}X1)~! and solve for X1b;, we

have
X1by = —P1X2by + Py

@ Substitute this expression into (92):
Xlz(—PlXQbQ + Pl’y) -+ X/2X2b2 = X/2y
XI2X2b2 — X/2P1X2b2 = X'2y — X’2P1y
X/2(In — Pl)XQbQ = XIQ(In — Pl)y
X5(M1)X by = X5(M1)y
X5(M{M1)X by = X45(MM1)y

(since My is symmetric and idempotent)

= 5 ~/! _

Bo Zhao (School of Finance, NKU)
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(94)
(95)
(96)
(97)
(98)

(99)
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The Algebra of Least Squares Partitioned regression

@ Therefore, . -,
by = (X, X2) ' X,3 (100)

=/ s . . .
e X,Xo= X,L,M'M;X, is invertible by the full rank assumption.

o Essentially, if X5 (and, by extension, M; X5, which is the component
of X5 orthogonal to X1) does not have full column rank, X cannot
have full column rank either.

@ This solution for by is an important result known as the
Frisch-Waugh Theorem.
@ It states that you can obtain the coefficients of by in this way:

© Regress y on the variables in X1, and obtain the residuals.

© Regress each of the variables in X5 on all of the variables in X, and
obtain the residuals.

© Regress the residuals in (1) on the residuals in (2).
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The Algebra of Least Squares Partitioned regression

o Conceptually, this process of regressing y and the variables in X5 on
X1, then taking the residuals is known as partialling out or netting
out the effect of X.

@ For this reason, the coefficients in a multiple regression are sometimes
called partial regression coefficients.

@ As a corollary, when X5 and X are orthogonal (so that
M X5 = X5), no partialling out is necessary — you can just regress
y on X o directly and the variables in X1 will not make any difference
at all.
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o HANE
o SREMER

SST =5SE+ SSR

AN

SRS PR 7 R SRR 7

I

®:—9*  SSR

n
SST = Z(yi — 3)? SSE
n=0

© 2016 Cengage Learning®. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part, except for use as permitted in a license
distributed with a certain product or service or otherwise on a password-protected website or school-approved learning management system for classroom use.
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e R2:
R? = SSE/SST =1 — SSR/SST
o IE: BMBERTE—ESIEER
o HFSSR £FN: RS (k=1): B, FFOLSK=2): Bo, 1, B
SSR(k = 2) = min X1, (v; — Bo — PrXi1 — PaXiz)?
< ¥ (Vi — Bo — Bixip — 0x;3)?
=3 (i ho i)’

=SSR(k = 1)

24



S il /D ZIRIERI BRI EFN R

e R2HIF—FFRIA

(S i - D@ - D)

R? =
(i — 9)2) (S (@i — )?)

o R2FTHBRLTENIMMEy, SHUSHEY NEFEREXRRNTES



S iEE /D IRIERI B EFN R

o filF: MBEHIBICR

1985 el BRI Bo4FAE MAREO A 3 B4 M RN Z K
R B = AL O
N SN / /

narr86 = .712—.150 pcnv—.034 ptime86—.104 gemp86
n=2725 R?=.0413

e |[nterpretation:

- WMREFELLFIESO0.5, MFIHAHSREL7. 5%
B E MRS EN2H, WX # 0. 034 X12=0. 408)%
© BR—NZ=EMEAER, SEFHRERIREURLD0. 104X
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o flF: MREMMHIZR (80
¢ ﬂu)\%—/l\ﬁﬁﬁﬁi

narr86 = .707—.151 pcnw—l—.OOT—.OBT ptime86—.103 gemp86

\ L Ty, ,
n=2,725 R?=(0422 B S T AR K
N s
e Interpretation: R21 5518 C
o FUFBHHCIE IS T M dadER L ?
- R2BVGAESIEMIRAR T 12T = B RAVENIMNETERE 17
o MR2EVEE

o BMER2TE /)N, XANEVIATIAREE T — DM HMFHFART (ceteris
paribus) NAVRIFAVMEIT (P65, 3-2iEI—E%)



OLS{&it=ERVHAEE

o ZRMEIPRBFERE (BHI-SRBXBEE)

o {BE MLR.1 (Z&MTF&%D)

k//ﬁgw¢,ﬁmm%§%%ﬁm
y = Bo + B1x1 + Boxo + ... + Brxp +u

o {BXE MLR.2 (FEHHEHE)

{(z;1,zip Tip,yi) L i =1 Tﬁé/,,—ﬁﬁMEWﬁ¢¢%mmﬁ%ﬂ
tlyLply o ygky Y/ - — Ly

y; = Bo + B1xi1 + Boxio + ... + Brxik + uy

\

B HER &SRS EEFR



OLS{it=ERVHAEE

o ZyuMEARBIAIFFERIE (45
e HE MR 3 (FEEZESHLEM)

‘AR (EmMESMET) , RE—TBEXEREN, BXEZIE
BAFEETERNEMXR” ER: ABRBEEIN RETEHELTE)

e X MLR. 3g91%Fip
- AMEERHERTEEELZM; HXEITHN
- MR ERTESHMMERTENLMAS, NliEE
- BHBAREABRTE (AABKBEED 1)



OLS{&it=ERVHAEE

o FTEHLMAIBITF: IER
avgscore = (39 + [1expend 4+ [ravginc + u

N

FEARF, avgincH]BEIREF Eexpend HIIETHRIESR; HEEHRERX D EN X KRR T ERFMN

o ZEEHZMMHIT: BEBRBEPXER

voteA = B, + B,expendA + B,expendB + Bstotexpend + u

N/ 7

expendAZexpendB, totexpend SIZMIIE—, EJ9: expendA + expend = totexpend

voteA = Bg + [B1shareA + BoshareB + u

//ﬂ

shareA=expendA/totexpend BshareB =expendB/totexpend iZiE—>:
shareA + shareB = 1



OLS{&it=ERVHAEE

o ZyuMEARBIAIFFERIE (45
o {B7E MLR.4 (FTHMH4HE)

ERTEVINAESEMAX
E(ui|lxi1, xin, ..., x;) = 0 REGHEMNES

- EZTEEAERS, FRHNERKEARERL, AARENFTRE
=ELDT

o fIF: FHIFRSTH

avgscore = (g + B1expend + Bravginc + u

NRavginc’ X BIERNERTE, BEEREIF; AP
ZexpendSugitEx, OLSTHIHERH



OLS{&it=ERVHAEE

o FTERMHHMERITIL
- BRERTES5RENAHERHFEUMBAER (endogenous) ; WEMES
TMLR. 4
- MRTE5RETAHEEHEMINER (exogenous) ; FMEMEARM
MLR. 4
- SMNEMZRERINAAI KB RIEL, BROLSHEIHETRAI X RI%

o I 3.1 (OLSHITImIE)

MLR1-MLR4 = EB;))=8j j=0,1,...,k



OLS{&it=ERVHAEE

o ZEARBIRFEFERIZI :
Y =XB+U
o OLSHUZERERIAR :
g =(X'X)"1X'Y
o OLSHYTcimiY:
B=(X'X)"'X'(XB +U)
B=p+XX)XU

E(B|X) =B
o RRMEESHANTHNR; EATHRET, HiHETENALTE
HSN(E
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OLSfhit=RUHAEE]

o MFATHAELETE
y = Bo + B1x1 + Boxo -|-3 + u

T

RIS, EA E(B3) = B3 =0 = 0 fE i

SR, BELXTEAESIEMMENEE (3. 4/hT)
o iﬁiﬁﬁi Gk =54

y = Bo + B171 + Poxo + U —— mstitA (B L Fix)

YV = Po T+ P1X1 € it L, 2iERE)



_— a0 MO RARER, BIR— MEMEEER
xo = dpg + 0121 + v

= y =B+ B1x1 + B2(dg + d1x1 +v) +u

— (o oo} +1n T oty +aw T4y

e o o o e o e e e o e I e o o o e o e e e e ey

IRy Axfx, =3, Ry Axtx, =3, IRZEIN
X B BRI X B R R I

o Z5P: FhEMMITREIEMRIRA (All estimated coefficients will
be biased)



o HiRRFIEx, M5BT RIRIBILE :

(61 >0) (6, <0)
Corr(xq4, X,) > 0 Corr(xy4, X,) <0
B, >0 Positive bias Negative bias
B, <0 Negative bias Positive bias

® IE%:
(1) ARx, Fx,BHEXHE), MBREXRBEAFRIL?
(2) nRx,Fix, B HE<HINE?
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OLS{&it=ERVHAEE

o filF: THFATEIREEN

wage = Bg + Bieduc —|—@1bil + u
ol = +@fwc T

#R & I

B1 ¥uid B it (overestimated) [Hh B201 > 0 . XEEKIGEZHZEHE N
SRER LY, HXEH2 2R T FEREZA T KA I TR,

o frAaRMRRBIRFRERMIX?
c MREFTESHRTEZNHERKE




OLS{it=ERVHAEE

o BRTERRR: F—MRHVER
y = Bo+ B1x1 + Boxo + B3T3 + U —— mE® (L« x, Fx,)

y = Bo + Bixz1 + Poxoy + w T gHitiER 2R
- RESBIRZNAE, X2FEAxESEAEERX
- MExEARHERX, B MZBi—EE S

o flF: THRFAPIEREND

wage = Bg + Bireduc + Brexper 4+ [B3abil + u

WRexper5 (educ, abil) ERILMAHER, NWiFKEENMWIRTS ERMIEZHIA
TEWERFE—8: s BT

BLfRE, experSeduciBEZ VAR



OLSTHITERN R E

o ZuMEFREIREMIE (85
e BE MR.5 (RAZEM)

RIS OAIANE S
Var(u|z1, o, . .., z) = c2< BRIBLATEERS

KIREDURHIERER

o filF: ITHFRA
XMRIZREIRA . —RREEAS
Var(u;leduc;, exper;, tenure;) = 02/ S

HERETEEPTEEF
o [EET K////

Var(u;|X;) = o2 with Xi = (Uxp xip 0 xi)



OLSTHITER R ZE

o EH 3.2 (OLSRIERMEITENHESE)
EMLR.1 - MLR.5ZT:

/ RET 2
2

. O
Var(p;) = j=1,...,k
j/'SSTj(l — RJQ})’\ TRES
AR B B R R2Ex TEALBRREER (BEEE00 #TEI3E3



OLSHITERN R E

o OLSTTEHRIRST:

o 1) RERE
- REREENSRESHMERZE, AAFAHH “RE" TKXT
© KRHIREREXEEMETTAER
« RERENSHEEFERTAMEK

o 2) BETEREHANEN
o BEAEBNMK, fhiHiEs
o B SIMEEFEARERIG N ANTRE S
- Eik, BMEAERRSMGITRAENEE



OLSTHITERN R E

e 3) BEZEEMZMEXA

T SEEAR A BHTEN (2 B

Ny

ZElFRR2M S, HAibTEE XX AL M ERFRE R
B, WA AN, WBTE T WA TR B AR T
- LFEMRXMRETBARRASEREM B R; - 1)



OLSTHITERN R E

o —NHEHLEMRBITF

FRE R TEZ X O HImz M Hfth>z b

N\ \

avgscore = [Bo+[1teachexp+Lomatexp+LGzothexp—-. . .

AENZHEXANFERBENEXNYE, BANMR—MFERAEAERR, ENEMESHLES
REHRE.

REGAH AR HEINERN, BAREXHEAS, BEAR. BERETERNN, F
BT RIHENEUESFRIBE .

Eitk, ERHERERRK,



OLSHITERN R E

o WJRZEHZAE
- ELEEBGITF, RFERANIEDRBE—E, BAZRETE

7RI

- AEMBEAT, HR—LETETVRESFRIELEME (EXARS
SHEREERIR)

- REPRSEHLMNTENMERESHWSK; SEMEZMAIET
QIR S

- BEEEEIREX FZEHZMH T FERMR. 3
o ZEHAMAILUEE “HEBKET K&

VIF; =1/(1 — R7) <——— g®zi, FEWKREFEATIO



OLSTHITERN R E

o RIFRBPHFE
o BIESthRE (bias) F1FZE (variance) Z[BJHIfR{E, AILLEIRE
BEREAFEEHFET S

y = Bo + B1x1 + Boxo + U «—— EHRFER

g BO + lel + BQQCQ — (R A

7= Bo + frz15—— pripiamy

o EXMIBERAT, RZERE2PAIGE AT ERER SES KB IA
=1 M=



OLSTHITER R ZE

o RERBPHHEE (40

. 2 2
Var(B1) = 02/ |SST1(1 - R)| B Flx,, HEMBER
2T REI
Var(B1) = 0 /SSTy

e (Case 1: Z: NERSLAEETE

P

Bo=0 = E(B)=pB1,E(B1) =pB1,Var(B1) < Var(B1)
e (Case 2: WREMRENFE; F5: BMEEXRERTD, REBASEEK

—~ ~ /\ ~ —
Bo #0 = E(B1) = B1,E(B1) # B1,Var(B1) < Var(B1)



OLSTHITER R ZE

o f&it o

52 = (ia?)/[n—k—l]
i=1

IREREN LM LUEEARMER B E PR E b EVARBRNHERRS. WANEHNE
EREMHITSHNBELERABBEE. KMPFHnMETHFEAZRESETEIEIA, MIE
W E M & /ML R —R SR Hk+1 75 32 R BRAY .

o X 3.3 (s2HITRmM)

MLR.1—- MLR5 = E(G°) =os°



OLSTEHERNRFE

o fHHOLSHHHER IS S
28 8, ARG =
s 5d(3;) = \/Var(5;) = \/02/ [s57;(1 - R2)]

FAREAR 62 SRR o2

iS5 O A

feE s se(3)) = \/Var(3,) = / [55T;(1 — R?)|

o HEE, XEAKXABEMENR. 1-MLR. 5TA BRI (LHMHMEER
5= homoskedasticity)



o OLSHIFMM: SHI-BREXEE
- 7EREMLR. 1-MLR. 5T, OLSEF{RHY
- M, EXLEBET, TEHMBMEITELE R
- B—REBERNEENTRMEIT?
- ATEZEULER, AZBELERETLEMLEEYT

T
Bj = > @b P EYIEIHE; OLSHEVHE 25X MR
=1



o EH 3.4 (SH-D/RPEKEHE)

« EREMLR. 1-MLR. 5, OLSfEIHERHZMLETmETTE (best linear
unbiased estimators, BLUEs) , EJ

Var(,gj) < Va/r‘(gj) j=0,1,...,k

stFRALRETE 6 = Z wijy; (B(B;) =B;,7=0,...,k)
PBIRKAL o

o R AMWNLR. 1-MLR. SERRR LAY, OLSHABRmIMMEITE; Fl, MREFERSE, N
AEHFHETHE.



BlF: EEPEITXZE

y=Po+hrxitu < HSTEER (MIR1)
Y = Bo + P1x1 < R ikilk
y= ,go + ,g1x1 + szz <€ FRAR Xty

pREREAT-DRBXEN, A/ATFHESH-DRBKXES (MR.1)
R8s 55,8 (RBEHE) -

Var(B,) = 02/SST,

Var(B,) = o2/[SST, (1 — R?)]

Bk, pHEEN (FEEH-D/REBXER)
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I ERB EERNAREERFREBERTENTEALT, FE—THENE
FEXET R

SR SRBEETERFAAREEZEFNTNRAT, HENBEETENE
I BB

EiEs/ R EZEBTFATHERE SN RN ESH
RREFATEHXESIPEMBZERENTS, HATEERANIESHE
TN SE-SRBEEE BE MLR. 13 MLR. 4) T, O0LS fHitEE TR

—5H, EREFEE—ILXTE, MEEMHENEATENLTREREE
A%, 5—FH, BE—NMEXEZENSH LS FERE

EENESH-BRBREET, 0LS HEMITENSER Var(@)=m, j=1,...,k
S-SR EXEREGEAILLSEITEREMEN TRETE (BYH)
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